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Abstract

The link between the short-wave model of the Camassa—Holm equation (SCHE)
and bilinear equations of the two-dimensional Toda lattice equation is clarified.
The parametric form of the N-cuspon solution of the SCHE in Casorati
determinant is then given. Based on the above finding, integrable semi-discrete
and full-discrete analogues of the SCHE are constructed. The determinant
solutions of both semi-discrete and fully discrete analogues of the SCHE are
also presented.

PACS numbers: 02.30.1k, 05.45.Yv, 42.65.Tg, 42.81.Dp

(Some figures in this article are in colour only in the electronic version)

1. Introduction

In this paper, we consider integrable discretizations of the nonlinear partial differential equation
U)Txx—2K2wx+2u)Xwa+waXX =O, (1)

which belongs to the Harry—Dym hierarchy [1-3]. Here « is a real parameter and, as shown
subsequently, can be normalized by the scaling transformation when « # 0. A connection
between equation (1) and the sinh-Gordon equation was established in [4]. When k¥ = 0,
equation (1) is called the Hunter—Saxton equation and is derived as a model for weakly
nonlinear orientation waves in massive nematic liquid crystals [5]. The Lax pair and bi-
Hamiltonian structure were discussed by Hunter and Zheng [6]. The dissipative and dispersive
weak solutions were discussed in details by the same authors [7, 8].
Equation (1) can be viewed as the short-wave model of the Camassa—Holm equation [9]
U)T+2K2'U)X—wax+3wwx:2u)wax+u)wXX)(. (2)
Following the procedure in [10—12], we introduce the time and space variables 7 and X,

T =T, X =¢%,

1751-8113/10/265202+14$30.00 © 2010 IOP Publishing Ltd Printed in the UK & the USA 1


http://dx.doi.org/10.1088/1751-8113/43/26/265202
mailto:feng@utpa.edu
mailto:kmaruno@utpa.edu
http://stacks.iop.org/JPhysA/43/265202

J. Phys. A: Math. Theor. 43 (2010) 265202 B-F Feng et al

where € is a small parameter. Then w is expanded as w = €>(wg + ew; + - --) with w;
(i =0,1,...)being functions of 7 and X. At the lowest order in €, we obtain

2
Wo Fxk — 267wy g + 2w xWo g% + Wowg xxx = 0, €)]

which is exactly equation (1) after writing back into the original variables. Based on this fact,
Matsuno obtained the N-cuspon solution of equation (1) by taking the short-wave limit on the
N-soliton solution of the Camassa—Holm equation [13, 14].

Note that the parameter « of equation (1) can be normalized to 1 under the transformation

x =«X, t=«T,
which leads to
Wiy — 2Wy + 2W Wiy + WWyyx = O. 4)

We call equation (4) the short-wave model of the Camassa—Holm equation (SCHE). Without
loss of generality, we will focus on equation (4) and its integrable discretizations, since
the solution of equation (1) with arbitrary nonzero «, its integrable discretizations and the
corresponding solutions can be recovered through the above transformation.

The remainder of the present paper is organized as follows. In section 2, we reveal a
connection between the SCHE and bilinear form of the two-dimensional Toda-lattice (2DTL)
equation. The parametric form of the N-cuspon solution expressed by the Casorti determinant
is given, which is consistent with the solution given in [13]. Based on this fact, we propose
an integrable semi-discrete analogue of the SCHE in section 3 and further its integrable
full-discrete analogue in section 4. The concluding remark is given in section 5.

2. The connection with 2DTL equations and N-cuspon solution in determinant form

2.1. The link of the SCHE with the two-reduction of 2DTL equations
In this section, we will show that the SCHE can be derived from the bilinear form of the

2DTL equation

1
_<§D—ID1 - 1) Tn* Tn = Tu+1Tn—1, (5)

where D, is the Hirota D-derivative defined as

. a 2 \"
Dif-g=\zz-—72) f(s»
dx  dy
and D_; and D, represent the Hirota D-derivatives with respect to the variables x_; and x,
respectively.
It is shown that the N-soliton solution of the 2DTL equation (5) can be expressed as the
Casorati determinant [16, 17]

’

y=x

(n) (n+1) (n+N-1)
1 1 e 1

() (n+1) (1+N—1)
(n+j—1) 2 2 e 2
T, = |wi"l J (-xlv-x—l)|1<i!j<N - . . . . ) (6)
(n) (n+1) (n+N—1)
N N e N

with 1/fi<”) satisfying the following dispersion relations:

(n)
—1) 830,‘” _ (n+1)
8)(1 ! ’
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A particular choice of ",

w(ll) = a lp(l ep,--1x-1+p;x1+ﬂor +a; 2q(l eqi-lx_1+q;x1+716i (7)
1 ’ 1 ) 1 ’
automatically satisfies the above dispersion relations.
Applying the two-reduction 7,y = ([, p,-z)_lr“], ie. enforcing p; = —gqi,
i=1,...,N, we get
1 2

- ED—IDI —1) o -wm=r1,, ®)
where the gauge transformation 7, — ([, p;)"7, is used. Letting 7o = f, 7y = g and
x_1 = s, x; =y, the above bilinear equation (8) takes the following form:

~(3DsDy 1) f - f = g% ©)

—(3D;Dy, - 1)g-g = f*. (10)

Introducing u = g/f, equations (9) and (10) can be converted into
—(In f)ys + 1 =u?, (11)
—(ng)ys+1=u"" (12)
Subtracting equation (12) from equation (11), one obtains
Slnp),s+1=p2, (13)

by letting p = u>.
Introducing the dependent variable transformation

w = —2(In g)ys,
it follows
1 s
2V = T
or
0
(In p); = —5 Wy (14)

by differentiating equation (12) with respect to s.
In view of equation (14), equation (13) becomes

4 (P ) 2
——|zwy) +1=p". 15
ACEIN P (15)
Introducing the hodograph transformation

x =2y —2(ng),,

t=s,

and referring to equation (12), we have

z_; =2- z(lng)ys = %v Z_‘z = —2(Ing)ss = w,
which implies
0y = zax,
0
0s = 0 + Wo.
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Thus, equations (14) and (15) can be cast into
By eliminating p, we arrive at

(0; +wdy) In (—wy, +1) = 2wy,
or

(0 + wi ) wyx — 2wy (1 —wyy) =0,

which is actually the SCHE (4).

2.2. The N-cuspon solution of the SCHE

Based on the link of the SCHE with the two-reduction of the 2DTL equation, the N-cuspon
solution of the SCHE (4) is given as follows:

w = —2(11’1 g)ms
{x =2y —2(Ing)s,
t=s, (17)

YN ©)]
8= |I/fi (y’s)|1§i,j§N’
Iﬁi('i) _ Cli,lp;i elilstpiyno ai(—pi) e Pi T s=piyHy;

Moreover, the N-cuspon solution of the SCHE (1) with nonzero « is given as follows:

w(y, T) = —2(Ing)ys, (18)
2 2
X=""Zany).,
K K (19)
S
T="=,
K
where
g = |I//1(])(yv s)|1<i,j<N
with

(n) _ n .piy+s/pitni n ,—piy—s/pi+n,
" = a; pleP? / pitnio +a;2(—pi)te /pi+io

We remark here that to assure the regularity of the solution, the t-function is required to be
positive definite. In what follows, we list the one-cuspon and two-cuspon solutions. For
N =1, the -function is

2p1 (y+k T/ p>+
g=1l+e PrO+KT/pi+yo)

by choosing a; 1/a;» = —1, which yields the one-cuspon solution

2
w(y, T) = —?sechz[pl(y +«T [ pi + )],
1

2y 2
X = —- /c_pl{l +tanh[p1(y+KT/Pf+y0)]}'

The profiles of one-cuspon with k = 1.0 and x = 0.1 are plotted in figure 1.

4
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Figure 1. Plots for the one-cuspon solution for p; = /2 and different k: (a) k = 1.0; (b)) k = 0.1.
The t-function corresponding to the two-cuspon solution is
Pr— P2 g
g=1+e"+e”+ <—> e+t
pPr— P2
with
2 .
9[:2pi(y+/<T/pi +yi0), i=1,2.
Here a; 1/a;» = —1 and a,,1/a,» = 1 are chosen to assure the regularity of the solution.

3. Integrable semi-discretization of the SCHE

Based on the link of the SCHE with the two-reduction of the 2DTL equation clarified in the
previous section, we attempt to construct the integrable semi-discrete analogue of the SCHE.
Consider a Casorati determinant

(S I A (3 SR At ()

(n) (n+1) (n+N—1)

. Wy Pk vy (k)

T, (k) = |’>”i( H 1)(k)|1gi,j<1v = . : - : '
(S WS Gl BRI Al (5

with 1/fi(") satisfying the following dispersion relations:
Akwi(n) — wi(n+l)7 (20)

8s wi(") — wi("_l)’ (21)

where Ay is defined as Ay (k) = w In particular, we can choose wi(”) as

¥ (k) = pj (1 —ap) ™ & +g!'(1 —ag) e,

1 1
& = —s +&io, Ni = —S +Nio,

Pi qi
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which automatically satisfies the dispersion relations (20) and (21). The above Casorati
determinant satisfies the bilinear form of the semi-discrete 2DTL equation (the Bicklund
transformation of the bilinear equation of the 2DTL equation) [17, 18]

1
<—Ds — 1) T k+1) -1, (k) + Ty (k + D (k) = 0. (22)
a
Applying a two-reduction condition p; = —¢;,i = 1, ..., N, which implies 7,,_; < 7,41,
we obtain
1
- ;Ds = 1) ferr - Jo = 8k+18ks (23)
1
- ZDS — 1) gk+1 - 8 = fre1 S 24)

by letting to(k) = f; and 7, (k) = g¢.
Letting uy = gi/fr, equations (23) and (24) are equivalent to

1

— (ln f"“) +1 = ugsiug, (25)
a fe /s
1 gk+1) 1 -

——|In +1=u_ u;, . (26)
a( e ), k1 U

Subtracting equation (26) from equation (25), one obtains

Ur+1UE Ui+l )

— 1 +1= . 27
- (n ” )s Ui U (27

Introducing the discrete analogue of hodograph transformation
Xx = 2ka — 2(In gi)y

and

Sk = X+l —xk:2a—2(lngk+1> .
8k /s

It then follows from equation (26) that

2a
S = ,
Ufy1U
or
4a?®
Prst Pk =~ (28)
k
by assuming p = u;.
Introducing the dependent variable transformation
wr = —2(In gp)ss,
equation (27) becomes
1 4a®
—<lnpk+l> - =0 (29)
Ok Ok /g 8¢
Differentiating equation (26) with respect to s, we have
1 1
—(Wi1 — wy) = — (nugpug)y = — (n P10k
2a Uiy Uk Wbyl
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or
2
(In prs10)s = _S_(wk” — Wg)- (30)
k
Eliminating p; and py,; from equations (29) and (30), we obtain
1( ) l( ) 1(5+5)221+1 (31)
—(Wggp — wy) — — (W — Wr—1) = = )=2a | —+—],
5 k+1 k 5 k k-1 5 Ok + 0k T
or
1 4a?
Awg=—M (8 — ), (32)
3k Ok
by defining a difference operator A and an average operator M as follows
Fio1 — F Fia+ F
AF, = Lr k’ ME, = k¥ Fk
Sk 2
Furthermore, substitution of equation (28) into equation (30) leads to
dé
= = s — wy. (33)

ds
Equations (31) and (33) constitute the semi-discrete analogue of the SCHE.
Next, let us show that in the continuous limita — 0 (§; — 0), the proposed semi-discrete
SCHE recovers the continuous SCHE. To this end, equations (31) and (33) are rewritten as
2 Awp— Awp) + 1 da?
—— (Awg — Awy_ = ,
5k + 8](_1 akak—l

050k = Wie1 — Wg.

By taking logarithmic derivative of the first equation, we get

-2
05 ——— (Awp — Awg_1) + 1
Ok +8r—1

-2 :
— T (Awg — Awg_p) + 1 B B
(Sk +(Sk_1

o 8s 81( ac 8k— 1

The dependent variable w is regarded as a function of x and ¢, where x is the space coordinate
of the k-th lattice point and ¢ is the time, defined by

k—1
xk:x0+28j, t=s.
0

In the continuous limit a — 0 (§; — 0), we have

058k Wiyr — Wy 0s8k—1 Wi — Wi
= — Wy, = — Wy,
Sk Sk Sk—1 dk—1
——— (Awp — Awg—1) = Wy,
8k +8k71
k—1 k—1
Xy X0 85, dxo
—_— = —+ — = — 4+ Wiz —W;) = W,
as as = as as ]Z:;( i+ 7

0x
0y = 0; + —3J, — 0, + Wy,
as



J. Phys. A: Math. Theor. 43 (2010) 265202 B-F Feng et al

xo

where the origin of space coordinate xj is taken so that < cancels wp. Thus, the above

semi-discrete SCHE converges to

(0 + wdy) (—wer + 1
= 2wy,

— Wy, + 1
or

(81‘ + wax)wxx = 2wx (_wxx + 1) P (34)

which is nothing but the SCHE (4).
In summary, the semi-discrete analogue of the SCHE and its determinant solution are
given as follows.

The semi-discrete analogue of the SCHE:

1( ) 1( )1(3+5)221+1

— (W1 —wg) — — (W — Wg—1) = = 1)~ 2a\—+— ],

5k k+1 k 8](_[ k k—1 ) k k—1 Sk ak—l
35)

dsy

— = Wit — Wg.

dt

The determinant solution of the semi-discrete SCHE:
Wi = —2(]11 gk)ss»
S fr
Sk+18k
Xr = 2ka — 2(In gg )y, (36)
t=s,
— ) _ =1

U (k) = aip] (L= ap) ™ Pk aip (= pi) (L apy) e,

Introducing new independent variables X; = x;/k and T = t/k, we can include the
parameter « in the semi-discrete SCHE (35)

Ok = Xpe1 — X = 2a

l( ) 1( ) 1(6+6>221+1
— (W1 —wi) — — (W — Wi—1) = — —)—2a |\ —+—),
5k k+1 k ak—l k k—1 2K2 k k—1 5k ak—l (37)

dé,
ar ~ Wk+1 Wk,
where §; = X1 — X and s = «T. This is the semi-discrete analogue of the SCHE (1).

The N-cuspon solution of the semi-discrete SCHE (37) with the parameter « is given by

Wi = —2(11’1 gk)SS7

2a fi+1 fr

8k = Xpwt — Xie = 20 Jun J ;
K 8k+18k

{Xk = 24 _ 2(Ingy),,

T =5,
— |y 9« ‘ z‘ G=D ‘
s=pplw| o =l
W) = a1 p! (1 —ap) ™ el 4 g o (—p) (1 +apy)Fem P s, (38)
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4. Full discretization of the SCHE

In much the same way of finding the semi-discrete analogue of the SCHE, we seek for its
full-discrete analogue and in the process we arrive at its N-cuspon solution.
Consider the following Casorati determinant:

w1 = [y 7V D s (39)
where

Yk, 1) = @i p! (1 —ap) ™ (1 —bpi ") " e +ai2q! (1 — ag) (1 — bg; ™)™,

with
& =pi~'s +&o, m=q;"'s +nio.
It is known that the above determinant satisfies bilinear equations [18]
1
<_Ds - 1) Tk + 1,0 - tu(k, D)+ Ty (k+ 1, D701 (k, 1) =0 (40)
a
and
bDs — D1k, I+ 1) - T (k, 1) + 7, (k, DTyar (k, L+ 1) = 0. 41)
Here a, b are mesh sizes for space and time variables, respectively.

Applying the two-reduction 7, ; = (]_[fvz | piz)_lr,m, ie. enforcing p; = —qi,
i=1,...,N,andletting 1o(k, ) = fr;, T1(k,l) = gk, the above bilinear equations take the
following form:

1

;Ds = 1) ferra* fea + 8kr1.08k0 =0, (42)

1

ZDs — 1) grs1i - ki + frirt i fia =0, 43)
ODs — 1) freas1 - 8kt + Sru8ris1 =0, (44)
(bDs — Dgrt + fra + ki S =0, 45)

where the gauge transformation t, — ( ]_[lNz . p,-)ntn is used. Itis readily shown that the above
equations are equivalent to

1
L <ln fk+1,1> —1— gk+1,lgk,l’ (46)
a Jer /g Jirr0 fr
1
1 <ln gk+l,l) - fk+l,lfk,l7 47
a 8kl /g 8k+1,18k,1
b <ln fk,l+1> - fk,lgk,l+1’ 48)
gkl /s S 1418k
b (ln gk,l+l) 1 8r.t fri+1 ' 49)
Kl /s 8k 1+1 fr1

We introduce a dependent variable transformation

Wi, = —2(In g 1)gs (50
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and a discrete hodograph transformation

Xiq = 2ka — 2(In g 1)s ; (51)
then the mesh
Ok = Xps1,] — Xk = 2a — 2 (ln gk”’l) (52)
8kl /s
is naturally defined. It then follows
1
<ln g"”’l) — 20 — ~ (S + 8_1). (53)
8k—11/ 2

In view of equation (47), one obtains
Jiera fia _ ka

= (54)
8k+1,18k1  2a
A substitution into equation (46) yields
2 2
(ln —f’””) —a-2, (55)
e /g Sk
it then follows
1 1
(m M) = 2a — 24> (— + ) : (56)
Je—11/ Skt k-1
Starting from an alternative form of equation (47)
2a — 2 (ln gk+1,l) _ g fk+1,lfk,l, 57)
8kl /g 8k+1,18k,1
we obtain
8k+1,
Wl ] — Wkl —2(In £20) | _ <ln fk+1,lfk,l> (58)
Sk 2a —2(In &) 8k+1,18k1 /
by taking logarithmic derivative with respect to s. A shift from k to k — 1 gives
Wkl = W11 _ <1n fk,lfk—l,l) ' (59)
Sk—1,1 8k,i8k—1.1)
Subtracting equation (59) from equation (58), we obtain
Wit — Wkt Wit — Wk-td (ln fk+l,l> B <1n gk+l.l> ' (60)
Ok, Sk—1 S/ 8k—1.1)
By using relations (53) and (56), we finally arrive at
Wil — Why Wiy — W1y 1 o f 1 1
: — — : — — _(Sk.l + Sk—l,l) +2a <— + =0. (61)
S S—1.1 2 Skt Bk—1

Similar to equation (32), equation (61) constitutes the first equation of the full discretization
of the SCHE, which can be cast into a simpler form:

) 1 4a®
A Wk, | = —M (Sky[ - ). (62)
Ok Ok

Next, we seek for the second equation of the full discretization. Recalling (46)—(49), one
could obtain

_ 8k+1.1+1 8k+1.1+1 _ 1
Xeeliel — Xiie1 24 2(In P ), _ (In Teers ), 3 ) 63)

_ 8k+1.1 S+ 1’
X X, — — Jei+) 21
kel k.l 2a 2(111 8k,1 )S (11’1 8k.l )s b

here a shift from /to [ + 1 in (47) and a shift from & to k + 1 in (49) are employed.

10
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From equations (50), (55) and (58), one can find the following two relations:

8hkl,141 W1 — Wiy — 2a°
In — =- : ’ + = (Xka1,0 + Xkt — 2Xk41,041) (64)
( Sirr >Y 28k 47 i
and
Srax1 Wit 141 — Wit +2a 1
(111 =) = = u — = (k1041 + X 41 — 2X0,0), (65)
8kl /g 28k, 141 4

after some tedious algebraic manipulations. Substituting these two relations into (63), we
finally obtain the second equation of the fully discrete analogue of the SCHE:

Skiet — Ok 1 1
— + Z5k,l+1(xk+1,l+1 + X1 — 2Xk) + ZSk,l(xkﬂ,l + X1 — 2Xk41,141)

= E(wk+1,l+1 + Whe1) — Wi i+l — Wi1)- (66)

Taking the continuous limit » — 0 in time, we have
Sk 141 — Sk déy
——————————— % — .
b ds

Ok 141 (Kka 1,141 + X1 — 2x51) — 0,

Ok 1410k,1 (Xpa1,1 + Xk ) — 2Xps1,041) —> O

and

E(wk+1,l+1 + Wiy1,] — Wi 141 — Wk,1) —> Wiyl — Wg.

Therefore, one recovers exactly the second equation of the semi-discrete SCHE (33).
In summary, the fully discrete analogue of the SCHE and its determinant solution are
given as follows.

The fully discrete analogue of the SCHE:
Wil ] — Wkl Wi — Wr—1,]

1 1 1
— — —(51{’1 + 8/(,1’1) + 2612 <— + ) = O,
Ok, dk—1,1 2 Ski Sk—1y

Skir1 — 8y 1
HT + Z5k,l+1 (Xka1,041 + Xk g1 — 2% 1) (67)

1
+Z(Sk,l(xk+1,l + Xk — 2Xpa1,041) = E(wk+1,l+1 + Wial,] — Wiie1 — Wii)-

The determinant solution of the fully discrete SCHE:

A 2
hk,lgk,l - th

wi = —2(Inge)ss = =2 5 .

8k,
Ry
Xk = 2ka —2(In gy 1)s = 2ka — 22—,
8k,
Jiet 1 S
St = Xpar ) — Xpy = 24
8k+1,18k,1

ger =V D] oy S =170 D] e

11
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O,y w2k, vOUkD - YV,
dge, V2 kD Uk D Y kD - 9V kD)
hg) = —= = ,
s
() SRV (90 ) WV (.90 ) BTNV )
D,y vk vk D o v Mk
g, (WD kD vk D e v kD
By 02 =
s : : : ] :
Al N WIRAC (9 ) WERVALL (/0 ) W)(k,l)
O,y vk, vk - w0
A ) NRVAS ('S ) WRVAS(' 30 ) WERRPRNRALLY ()
+ ,
DD v & D v kD N kD

Pk, 1) = a1 pl (1 —ap) ™ (1 = bpi™) e +aia(—pi)/ (A +ap) ™ (A +bp ) e"

& = pi~'s +&o, n=—pi_'s +nio. (68)

Note that s is an auxiliary parameter. By virtue of s, h;; and h;; can be expressed as
hy; = 058k and i_lk,l = Bfgkyz, respectively, because the auxiliary parameter s works on
elements of the above determinant by 9; llii(n) (k,]) = wi(”fl)(k, D).

Introducing new independent variables X;; = x;;/k and b = b/k, we can include the
parameter « in the full-discrete SCHE (67):
Wi+1,0 — Wil Wg,| — Wk—1,1

1 1
- — (8 + 0y 1)+2a <—+ >=0,
Sk, Sk—1,1 T2 M 1 Ski k-1

Ok i+1 — Ok 1
ki Xisrier + Xiser — 2X5)) (69)

b 42

1
— 8k (X110 + Xig — 2Xps1,041) = —(wk+1 Il + Wial,] — Wil — Wiyi)-

4 2
Similarly, the N-cuspon solution of the full-discrete SCHE (69) with the parameter « is
given as follows:

A 2
hk,lgk,l - th

2 bl
8k,

Wi = —2(Ingg)gs = —2

2ka 2 2ka th[
Xkl = - _(lngkl)v = - -
K K K8kl

2a fir11fei

Ok = Xiw1, — Xiy = ,
K 8k+1,18k,1

1= Wi(j)(kf l)|1<i,,<1v’ Jir= |wi(j_1)(k’l)|lgi.j<N’
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O,y w2, vk, 0 ™V (k, 1)
dger 1 |V2 kD kD kD v, kD)
T Tk : : L
(WA ( S MRVAN () Mk, 1)
(IR (N WA (W) vk, 1)
gy 1 | RD kD v kD v, k. D)
b =5 =3
s K . . . .
vV D wP kD ) k1) Nk, 1)
O,y w Ok, YO Kk, 1) ™Mk, 1)
L w0 P& D v kD Yy k., 1)
F )
VED kD Y& D -y kD)

Pk, 1) = a1 pl (1 —ap) ™ (1 = bpi ™) e + aia(—pi)/ (L +ap)) ™ (1 +bp~H e,

& = pi's +&o, n=—pi~'s + . (70)

5. Concluding remarks

In the present paper, bilinear equations and the determinant solution of the SCHE are obtained
from the two-reduction of the 2DTL equation. Based on this fact, integrable semi- and full-
discrete analogues of the SCHE are constructed. The N-soliton solutions of both continuous
and discrete SCHEs are formulated in the form of the Casorati determinant. Note that the
short-pulse equation was also obtained from the two-reduction of the 2DTL equation [19].

Finally, we remark that the present paper is one of a series of work in which we attempt to
obtain integrable discrete analogues for a class of integrable nonlienar PDEs whose solutions
possess singularities such as peakon, cuspon or loop-soliton solutions. New discrete integrable
systems obtained in this paper, along with the semi-discrete analogue for the Camassa—Holm
equation [15] and the semi-discrete and fully discrete analogues of the short-pulse equation
[19], deserve further study in the future.
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